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Abstract. The study of the limiting distribution of eigenvalues of N x N random matrices as 
N oo has many applications, including nuclear physics, number theory and network theory. One 
of the most studied ensembles is that of real symmetric matrices, where the limiting spectral mea- 
sure converges to the semi-circle. Studies have also determined the limiting spectral measures for 
many structured ensembles, such as Toeplitz and circulant matrices. These systems have very dif- 
ferent behavior; the limiting spectral measures for both have unbounded support. Given a structured 
ensemble, we introduce a parameter to continuously interpolate between these two behaviors. We 
fix a p G [1/2, 1] and study the ensemble of signed structured matrices by multiplying the (i, j)* 
and (j, i)* entries of a matrix by a randomly chosen G {1, —1}, with Prob(eij ~ I) = p. For 
p = 1/2, we prove that the limiting spectral measure is the semi-circle. For all other p, for many 
structured ensembles (including the Toeplitz and circulant) we prove the measure has unbounded 
support, and converges to the original ensemble as p ^ 1. 

The proofs are by Markov's Method of Moments. The analysis of the 2fc* moment for such 
distributions involves the pairings of 2k vertices on a circle. The contribution of each pairing in the 
signed case is weighted by a factor depending on p and the number of vertices involved in at least one 
crossing. These numbers are of interest in their own right, appearing in problems in combinatorics 
and knot theory. The number of configurations with no vertices involved in a crossing is well-studied, 
and are the Catalan numbers. We discover and prove similar formulas for configurations with 4, 6, 8 
and 10 vertices in at least one crossing. For higher-order moments, we prove closed-form expressions 
for the expected value and variance for the number of vertices in at least one crossing. As the variance 
converges to 4, these results allow us to deduce properties of the limiting measure. 
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1. Introduction 

1.1. Background. Though Random Matrix Theory began with statistics investigations by Wishart 
llMsll . it was through the work of Wigner [ |WigT| [Wipl [Wig3| [Wig4l [WigSl , Dyson ^yT\ py2| 



and others that its true power and universality became apparent. Wigner's great insight was that 
ensembles of matrices with randomly chosen entries model well many nuclear phenomena. For 
example, in quantum mechanics the fundamental equation is H^n = -^n^n (H is the Hamilton- 
ian, the energy eigenstate with eigenvalue En). Though H is too complicated to diagonalize, a 
typical H behaves similarly to the average behavior of the ensemble of matrices where each inde- 
pendent entry is chosen independently from some fixed probability distribution. Depending on the 
physical system, the matrix H is constrained. The most common are H is real-symmetric (where 
the limiting spectral measure is the semi-circle) or Hermitian. In addition to physics, these matrix 
ensembles successfully model diverse fields from number theory HILSi IKS ll IKS2[ |KeSn[ IMonl IRSH 
to random graphs lUMRRilMNSl to bus routes in Mexico IIBBDSllKrSell . 

The original ensembles studied had independent entries chosen from a fixed probability distribu- 
tion with mean 0, variance 1 and finite higher moments. For such ensembles, the limiting spectral 
measure could often be computed, though only recently HERS Y[ lES Y[ ITV 1 [ ITV2II could the limiting 
spacings between normalized eigenvalues be determined for general distributions. See llFol IMehl 
for a general introduction to Random Matrix Theory, and [ Dy3[lFMl|Hay[ for a partial history. 



Recently there has been much interest in studying highly structured sub-ensembles of the family 
of real symmetric matrices, where new limiting behavior emerges. Examples include band matrices, 
circulant matrices, random abelian G-circulant matrices, adjacency matrices associated to (i-regular 
graphs, and Hankel and Toeplitz matrices, among others l|BasBolllBasBo2llBanBo[|BCGllBH[|BMl 
IBDTI IGKMI IHMl iJMPl [Karl IKKMSXl iLWl iMMSl iMcKl IMH [Schl|. Two p articularly interesting 
cases are the Toeplitz [IBDJilHMH and palindromic Toeplitz ensemble HMMSL which we now gen- 
eralize (though our arguments would follow through with only minor changes for other structured 
ensembles). Recall a real symmetric Toeplitz matrix is constant along its diagonals, while its palin- 
dromic variant has the additional property that its first row is a palindrome. The limiting spectral 
measures of these ensembles have been proven to exist; it is the Gaussian in the palindromic case, 
and almost a Gaussian in the Toeplitz case (the limiting spectral measure has unbounded support, 
though the moments grow significantly slower than the Gaussian's). 

As these matrices are small sub-families of the family of all real symmetric matrices, it is not 
surprising that new behavior is seen. A natural question to ask is whether or not there is a way 
to 'fatten' these ensembles and regain the behavior of the full ensemble. This is similar to what 
happens for the adjacency matrices of rf-regular graphs. For fixed d the limiting spectral measure 
is Kesten's measure HMcKH . which converges as — )■ oo to the semi-circle. We can ask similar 
questions about band matrices, and again see a transition in behavior as a parameter grows HSchl . 

Before stating our results, we first quickly review some standard notation (see for example HHMl 
IJMPl IKKMSXi iMMSl ) . Given an x matrix A, its associated eigenvalue measure is 
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where the Afc(A)'s are the eigenvalues of A, and ca//V is a normalization constant (with c a function 
of the structured ensemble). Using the Eigenvalue Trace Lemma, we find that the /c* moment of 

Ha is 

M,MA) = l\'f^Aix)dx = (1.2) 

The advantage of this formulation is that we convert what we want to study (the eigenvalues) to 
something we understand (the matrix entries, which are randomly chosen). We now integrate the 
above over the family, reducing the computation to averaging polynomials of the matrix elements 
over the family. Determining the answer frequently involves solving difficult combinatorial prob- 
lems to count the number of configurations with a given contribution. 

Many proofs of the limiting behavior (averaged over the ensemble) proceed via Markov's Method 
of Moments (see for example |fla|), where one shows the average moments over the ensemble con- 
verge to the moments of a nice distribution. This, plus some control over the variance / rate of 
convergence (usually done through counting arguments and then appeals to Chebyshev's inequality 
and the Borel-Cantelli lemma), suffice to prove various types of convergence of the limiting spec- 
tral measure to a fixed distribution. See the above references for exact statements on the needed 
assumptions for the various types of convergence. 

1.2. Results. We fix a ]? G [1/2, 1] and study the ensemble of signed structured matrices by 
multiplying the {i,jy^ and (j, z)* entries of a matrix by a randomly chosen e^j G {1, —1}, with 
Prob(ejj = 1) = p. As we vary p, we continuously interpolate between highly structured (when 
p = I) and less structured (when p = 1/2) ensembles. 

Unfortunately, in general it is very hard to obtain closed-form expressions for the limiting spec- 
tral measures (exceptions are the Gaussian behavior in palindromic Toeplitz HMMSI . circulant en- 
sembles HKKMSXII and d-regular graphs HMcKII ): however, we are still able to prove many results 
about the moments of our weighted, structured ensembles. Using the expansion from the Eigen- 
value Trace Lemma, a degree of freedom argument shows that the elements in the trace expansions 
must be matched in pairs; the difficulty is figuring out the contribution of each. The odd moments 
trivially vanish, and for even moments, the only contribution in the limit comes from when the 
indices are matched in pairs with opposite orientation. We show that we may view these terms as 
pairings of 2k vertices, (^1,22) , (^2, ^3) , • • • , (^2^7 ^i)^ on a circle. Our main result is to show that 
the contribution of each pairing c in the unsigned case is weighted by {2p — ly^^^ in the signed 
case, where e (c) is the number of vertices in crossing pairs in the pairing. This extends previous 
results. When p = 1/2, we are reduced almost completely to the real symmetric case, and our result 
implies that all crossing configurations contribute 0, and all non-crossing configurations contribute 
1. This gives us a 2k^^ moment equal to the k^^ Catalan number, which is both the number of non- 
crossing pairings of 2k objects and the 2k^^ moment of the semicircle densityQ By contrast, when 
p = 1 we are reduced to the unsigned case, and indeed our theorem implies that each configuration 
contributes what it did in the unsigned case. 

Our first result is the following (though identical arguments would work for similar distributions). 

Theorem 1.1. Consider the ensemble of real-symmetric Toeplitz or palindromic Toeplitz matrices, 
where the independent entries are drawn from a distribution p with mean 0, variance 1 and finite 



^The normalized semi-circular density is fsc{x) = ^ y 1 — (f ) if \x\ < 2 and otherwise, and the even moments 
are the Catalan numbers. 
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higher moments. Consider the weighted ensemble where the {i,jy^ and {j,iy^ entries of these 
matrices are multiplied by a randomly chosen eij G {1,-1}, with Prob(ejj = 1) = p. 

Forp =1/2, the limiting spectral measure for the signed, structured ensemble of real-symmetric 
Toeplitz or palindromic Toeplitz matrices is the semi-circle. For all other p, the limiting measure 
has unbounded support, and converges to the original ensemble's limiting measure as p ^ 1. The 
convergence is weakly and in probability to their corresponding limiting spectral measures, and 
almost surely if additionally the density p is even. 

We find that the controlling factor is how many vertices are involved in a crossing (we make this 
precise in This reduces our problem to one in combinatorics (and, in fact, our problem turns 
out to be related to issues in knot theory as well; see for example HKTl IKontl IFN[ IRiol IStoll ). In the 
course of our investigations, we prove several interesting combinatorial results, which we isolate 
below. 

Theorem 1.2. Consider all (2k — 1)!! pairings of 2k vertices on a circle. Let Ci2k,2m denote the 
number of these pairings where exactly 2m vertices are involved in a crossing and let Ck denote 
the k^^ Catalan number, (^^^y For small values ofm, we obtain the exact formulas for CT2k,2m 
listed below; for large k (and thus a large range of possible m) we prove the limiting behavior of 
the expected value and variance of the number of vertices involved in at least one crossing. 

• For m < 10 we have 



CT2k,0 — Ck 
Cl2k,2 = 




(1.3) 



• As k ^ oo, the expected number of vertices involved in a crossing converges to 2k — 2 (see 
Theorem \4.1\f or the exact value in terms of hypergeometric functions), and the variance of 
the number of vertices involved in a crossing converges to 4. 

We review the basic framework and definitions used in studying the moments in ^ In O we 
determine formulas for the moments, and prove the first part of Theorem II .21 completing the proof 
by determining the limiting behavior in HI All that remains to prove Theorem ll.ll is to handle the 
convergence issues; this analysis is standard, and is quickly reviewed in ^ 

2. Moment Preliminaries 

We briefly summarize the needed expansions from previous work (see HHMl IJMPl IKKMSXl 
IMMSH for complete details). We use a standard method to compute the moments. For a fixed 



DISTRIBUTION OF EIGENVALUES OF WEIGHTED, STRUCTURED MATRIX ENSEMBLES 



5 



N X N matrix A, its k moment is 

Mk,N{A) = fc_^^ ^ 0'hi20'i2h ■ ■ ■ O'ikhi (2-1) 

l<ii,...,ik<N 

which when applied to our signed Toeplitz and palindromic Toeplitz matrices (where the entries of 
the unsigned ensemble are constant along diagonals) gives that 

Mk^N i^A) = ^ ] ^ni2^|n-i2|^«2i3^|i2-«3| ■ ■ ■ ^ifc«i^|ifc~n| • (2.2) 

l<ji,...,ifc<V 

By linearity of expectation, 

E(Mfc_Ar(y4)) = _^ E (eiji2&|ij_i2|ei2i36|i2_i3| ■ ■ -ej^i.feli^-i,!) . (2.3) 

l<ji,...,ifc<V 

Of the A^*^ terms in the above sum corresponding to the A^*^ choices of (ii, . . . , Zfc) in the above sum, 
we can immediately see that some contribute zero in the limit as iV — oo by using the following 
lemmas. 

Lemma 2.1. Any term that contributes in the limit must have each ha in the product appearing 
exactly twice, and all such terms have a finite contribution. 

Proof. We first prove that any term that doesn't have every 6^ appearing at least twice does not con- 
tribute. As the expected value of a product of independent variables is the product of the expected 
values, since each is drawn from a distribution with mean zero, there is no contribution in this 
case. Thus each occurs at least twice if the term is to contribute. 

We now show that any term that has some appearing more than twice cannot contribute in the 
limit. If each appears exactly twice, then there are A;/2 values of to choose. Recall that h\i^i^^^\ 
is paired with h\i^_i^^^\ if and only if 

ij - ij+i = ±(u- - ik+i)- (2.4) 

Once we have specified the 6's and one index ii, there are at most two values for each remaining 

index. Thus there are O (^N^^^^ terms where the 6q,'s are matched in exactly pairs. By contrast, 

any term that has some ba appearing more than twice has fewer than | + 1 degrees of freedom, and 
thus does not contribute in the limit as we divide by N^l"^^^ . 

Finally, we show that the sum of the contributions from all terms arising from matching in pairs 
is Ok (1). Suppose there are r < k different e^'s and s < k different 6q,'s in the product, say 
e^^, . . . , e^^ and ha^, . . . ,ha^, with each e^^ occurring rij times and each ha^ occurring rrij times. 
Such a term contributes 11^=1 ^ (^"j ) 11^=1 (&™/)- Since the probability distributions of the e's 
and 6's have finite moments, this contribution is thus (1), and thus the sum of all such contribu- 
tions is finite in the limit. □ 

Lemma 2.2. The odd moments of the limiting spectral measure vanish. 

Proof. This follows directly from Lemma [2TT] (since the odd moments have an odd number of 6's, 
they cannot be matched exactly in pairs). □ 

Since the odd moments vanish, we concern ourselves in the rest of the paper with the limiting 
behavior of the even moments, M2k- Further, in the moment expansion for the even moments, we 
only have to consider terms in which the 6q,'s are matched in exactly pairs. With the next lemma. 
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we further reduce the number of terms we must consider by showing that only those terms where 
every pairing between the 6's is with a minus sign in (12.41 ) contribute in the limit. The following 
proof is adapted from HHML 

Lemma 2.3. The only terms that contribute to the 2k^^ moment of the limiting spectral measure are 
terms where the b 's are matched in exactly pairs with a minus sign in (12.41) . 

Proof. For each term, there are k corresponding equations of the form (12.41) . We let xi, . . . , be 
the values of the \ij — in these equations, and let 6i, . . . , 5k be the choices of sign in these 
equations. We further let xi = ii — i2, £2 = 12 — 13, ■ ■ ■ , X2k = iik — H- Then each of the previous 
k equations can be written as 

•^m 5jXn- (2.5) 

By definition, there is some rjj = ±1 such that Xm = Vj^j- Then x„ = Sjrjj^j^ so 

k 

Xi + X2-\ \-X2k = ^ ?7j (1 + Sj) Xj. (2.6) 

i=i 

Finally, notice that 

Xi + X2^ ^X2k = ii - i2 + k - is -\ \- kk - H = 0. (2.7) 



Thus 



k 



J2vj{^ + Sj)xj = 0. (2.8) 

If any Sj = 1, then (12.81 ) gives us a linear dependence between the Xj. Recall from the proof of 
Lemma im that we require all Xj to be independently chosen for a pairing to contribute; otherwise, 
there are fewer than k + 1 degrees of freedom. Thus, the only terms that contribute have each 

6, = -1. □ 

The above results motivate the following definition. 

Definition 2.4 (Pairing). A pairing is a matching of the vertices zi, 22, • • • , ^2fc such that the vertices 
are matched exactly in pairs, and with a negative sign in (12.41 ). There are {2k — 1)!! pairings of the 
2k vertices. As argued above in the proof of Lemma IZTI these pairings correspond to O (A^'^'^^) 
terms in the sum in (|2. 31) /or the 2k^^ moment. 

As suggested above, we find that a good way to investigate the contribution of each potentially 
contributing term, i.e., each choice or tuple of (ii, . . . , i2k), is to associate each term with a pairing 
of 2k vertices on a circle, where the vertices are |«i — ^2! , 1^2 — ^sl , • • • , Ikk — hi- Because what 
matters are not the values of the \ij — ij+i|'s, but rather the pattern of how they are matched, any 
terms associated with the same pairing of the 2k vertices will have the same contribution. Thus, 
pairings that are the same up to a rotation of the vertices contribute the same since it is not the values 
of ij that matters but rather the distance between each vertex and its matching and the indices of the 
other pairs. Therefore, to further simplify the moment analysis, we make the following definition. 



Definition 2.5 (Configuration). Two pairings {(iai, ^aa) , (^ag, ^04) , • • • , (^aa^-i, ^ajj } and 

),..., [ib^k-i^ibik] } are said to be in the same configuration if they are equiva- 
lent up to a relabeling by rotating the vertices; i.e., there is some constant I such that bj = aj + I 
mod 2k. 
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Figure 1 . The five distinct configurations for the 6 moment where vertices are 
matched exactly in pairs. The multiplicity under rotation of the five pattems are 2, 3, 
6, 3 and 1 (for example, rotating the first pattem twice retums it to its initial configu- 
ration, while the third requires six rotations). The nomenclature is from HKKMSXH . 
and not that relevant to our purposes here. 




Figure 2. A pairing of 10 vertices with 8 crossing vertices (in two symmetric sets 
of 4 vertices), and 2 dividing vertices (connected by a main diagonal). 

For example, we list the five distinct configurations needed for the sixth moment in Figure[il The 
problem of determining the moments is thus reduced to determining for each configuration both 
the contribution of a pairing belonging to that configuration to the sum in (12.31 ) and the number of 
pairings belonging to that configuration. 

3. Determining the Moments 

By Lemma |2n for the rest of the paper we assume the vertices are matched in exactly pairs. We 
distinguish between three types of vertices in these pairings. 

Definition 3.1. We say that a pair {ia, it), a < b, is in a crossing if there exists a pair {i^, iy) such 
that a < X < b and either y < a or y > b. A pair {ia, ib) is non-crossing if for every pair {i^, iy), 
a < X < y if and only if a < y < b. 

Pictorially, a pair is crossing if the line connecting its two vertices crosses another line connecting 
two other vertices. In Figure [B the first two configurations have no crossing vertices, the third has 
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four, while all vertices are crossing for the fourth and fifth. Note the number of crossing vertices is 
always even and never two. 

Definition 3.2. We say that a non-crossing pair {ia, ib) is dividing if there exist at least one crossing 
pair {ix, iy), {iw, iz) such that a < x,y,w, z < b and at least one crossing pair {ip, ig), {ir, is) such 
that each index j e {p, q,r,s} satisfies either j < a or j > b. 

Pictorially, a pair is dividing if it "divides" the circle into two regions of pairs (no pair can cross a 
dividing edge since it must be non-crossing), where each region contains at least one crossing pair. 
From the definition, we see that at least 10 vertices are needed for a "dividing" pair to exist. See 
Figure [21 for an illustration. 

All other pairs will be called non-crossing non-dividing pairs. Note that all pairings belonging 
to a given configuration have the same number of crossing pairs and the same number of dividing 
pairs. 

We show in this section that the contribution of each pairing in the unsigned case is weighted by a 
factor depending on the number of crossing pairs in that pairing. We then prove some combinatorial 
formulas that allow us to obtain closed form expressions for the number of pairings with m vertices 
crossing for small k. As the combinatorics becomes prohibitively difficult for large k, we determine 
the limiting behavior in ^ 

3.1. Weighted Contributions. The following theorem is central to our determination of the mo- 
ments. It reduces the calculations to two parts. First, we need to know the contribution of a pairing 
in the non-weighted case (equivalently, when p = 1). While this is known precisely for the palin- 
dromic Toeplitz case, where each pairing contributes 1, in the Toeplitz case we only have upper 
and lower bounds on the contribution of all pairing. Second, we need to determine the number of 
vertices involved in crossing pairs, which we do in part in ^3.2[ 

Theorem 3.3. For each choice of a pairing c o/(zi, . . . , i2k), let x(c) denote the contribution of this 
tuple in the unsigned case. Then the contribution in the signed case is x{c){2p — 1)'^'^'^^ where e(c) 
represents the number of vertices in crossing pairs in the configuration corresponding to c. 

Proof. Recall that the contribution from any choice of (ii, . . . , i2k) is 

■^(^ni2^|n-i2|^«2i3^|i2-i3l ' ' ' ^j2fc*i^l«2fc-«i I) ~ ^{^iii2^i2i3 ' ' ' ^i2kii)^i^\ii~i2\ ' ' ' ^\ik-h\) 

-12(64-^42 f 12*3 ' ' ' ^*2fe*l )'^('^) ■ (3-1) 

Thus, we want to show that 'E{ei-^^i^ei2i^ ■ ■ ■ ei^^i-^) = {2p — 1Y'^^\ We do this by showing that for 
each pair {ij, ij+i) , (i^, ik+i) where = 

, x_/(2p-l)^ if , are a crossing pair 

\ J j+L k L+ij 1 ^ Otherwise. 

Notice that 

E(e«) = = 2p-l, E{el) = 1. (3.3) 

Therefore, if m epsilons are chosen independently, the expected value of their product is {2p — 1)™. 

Our first step is proving E{ei^i^ei^i^ ■ ■ ■ei2f=n) ^ (2p — ly^^^ by showing that pairs not in a 
crossing contribute 1. Consider a non-crossing pair (ir,ir+i) , {ip,ip+i), with r < p. For each 
{iq, ig+i) paired with (i^/, iq/+i), we have r < q < p if and only if r < q' < p. Recall from (12.41) 
and Lemma [23] that 

iq-iq+i = -(v-V+i)- (3-4) 
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Thus 

p 

- Zfc+i) = (3.5) 

k=r 

because each difference in the sum is paired with its additive inverse, which is also in the sum. As 

p 

y^X^k - ik+i) = (v - ir+i) + - V+i) H \- {h~ h+i) = V - ip+i, (3.6) 

k=r 

we must have v = ip+i, and for the differences to be equal, ir+i = ip. Therefore ej^j^^^ = ejpjp+i, 
and hence E(e,^,^_^,eipi^_^ J = 1. 

Now we show E{ei^i^ei^i^ ■ ■ ■ ei^^i,) < {2p - !)''('=) by showing that if 6^^^^+, = e^^i^^^, a < h, 
then [ia, ia+i) , (4, are non-crossing. This suffices to prove the result since we know that the 
only dependency between the e's arises from the requirement that the matrix is real symmetric, and 
thus we have a dependency between eij^^-^ and eipip^-^ if and only if we know they are equal. In 
showing that a dependency between e's implies the corresponding vertex pair must be non-crossing, 
we show that crossing pairs imply independent e's and thus contribute {2p — 1)^. 

If '^iaia+i = '^ibib+i then it must be true that the unordered sets {ia, ia+i} and {ib, ib+i} are equal. 
Notice that this then implies that \ia — ia+i\ = \ib — ib+il, so (ia, ia+i) , (h, h+i) must be paired on 
the circle. Since the only contributing terms are when they are paired in opposite orientation, we 
then know that ia = ib+i, so 

b 

^(zfc - ik+i) = ia- ib+1 = 0. (3.7) 

k=a 

We can rewrite this sum as 

d 

- ik+i\ = 0, (3.8) 

k=b 

where 5k is ±1 if the vertex k is paired with is less than a or greater than b, and if and only if the 
vertex k is paired with is between a and b. However, a linear dependence among the differences is 
impossible, as we need to have iV'^+^ degrees of freedom for each configuration (see the proof of 
Lemma [2T| ). So each 5^ = 0, and each vertex between vertices a and b is paired with something 
else between a and b. Thus, no edges cross the edge between vertices a and b. 

We have shown that an epsilon is unmatched if and only if its edge is in a crossing. Thus, 
an epsilon is not paired if and only if its edge is not in a crossing. Therefore the contribution is 
weighted by ^{ei-j^i^ei^i.^ ■ ■ ■ ei^^i-^) = {2p — iy'^'^\ completing the proof. □ 

3.2. Counting Crossing Configurations. Theorem 13 .3 [ reduced the determination of the moments 
to counting the number of pairings with a given contribution x(c), and then weighting those by 
{2p — where e(c) is the number of vertices involved in crossings in the configuration. As 

remarked above, in the palindromic Toeplitz case each x{c) = 1, while in the general Toeplitz 
case we only have bounds on the x(c)'s, and thus must leave these as parameters in the final answer 
(though any specific x{c) may be computed by brute force, we do not have a closed form expression 
in general). 

In this section we turn to computing the e(c)'s for various configurations. As previously men- 
tioned, these and similar numbers have also been studied in knot theory where these chord diagrams 
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are used in the study of Vassiliev invariants (see |KTl IKontl IFNi IRiol IStoll ). While we cannot deter- 
mine exact formulas in general, we are able to solve many special cases, which we now describe. 

Definition 3.4 (Cr2fc,2m)« Let Ci2k,2m denote the number of pairings involving 2k vertices where 
exactly 2m vertices are involved in a crossing. 

Let Ck = {^1^) denote the A;* Catalan number (see HAGZI for statements and proofs of their 
needed properties). One of its many definitions is as the number of ways to match 2k objects on 
a circle in pairs without any crossings; this interpretation is the reason why Wigner's Semi-Circle 
Law holds. Thus, we immediately deduce the following. 

Lemma 3.5. We have CT2k,o = Ck- 

We use this result to prove the following theorem, which is instrumental in the counting we need 
to do. 

Theorem 3.6. Consider 2k vertices on the circle, with a partial pairing on a subset of2v vertices. 
The number of ways to place the remaining 2k — 2v vertices in non-crossing, non-dividing pairs is 

\k-vJ- 

Proof. Let W denote the desired quantity. Notice that each of the remaining 2k — 2v vertices must 
be placed between two of the 2v already paired vertices on the circle. These 2v vertices have created 
2v regions. A necessary and sufficient condition for these 2k — 2v vertices to be in non-crossing, 
non-dividing pairs is that the vertices in each of these 2v regions pair only with other vertices in 
that region in a non-crossing configuration. 

Thus, if there are 2s vertices in one of these regions, by Lemma [33] the number of valid ways 
they can pair is C2s- As the number of valid matchings in each region depends only on the number 
of vertices in that region and not on the matchings in the other regions, we obtain a factor of 

C2S1C2S2 ■ ■ ■ C2s2v' where 2si + 2s2 H h 2^2,; = 2k - 2v. 

We need only determine how many pairings this factor corresponds to. First we notice that by 
specifying one index and (si, S2, . . . , S2v), we have completely specified a pairing of the 2k vertices. 
However, as we are pairing on a circle, this specification does not uniquely determine a pairing since 
the labelling of (si, S2, • . • , S2v) is arbitrary. Each pairing can in fact be written as any of the 2v 
circular permutations of some choice of (si, S2, ■ ■ ■ , S2v) and one index. Thus the quantity we are 
interested in is 

2k ^ 

W = - Yl (3.9) 

2v ^-^ 

2si+2s2H V2s2v='i.k-2v 

To evaluate this expression, we use the /c-fold self-convolution identity of Catalan numbers [ |Reg[ , 
which states 

r (2n — r 



C.,-1 = 5 . (3.10) 

2n — r \ n 



iiH h«r 

Setting ij = Sj + 1, r = 2v and n = k + v, we obtain 

2v f 2k 
2k\k + v 



hS2v+2v=k+v 

We may rewrite this as 



Cs,Cs,---Cs,^ = , J. (3.11) 



E C,.C,.---Cs2. = ), (3.12) 



Iv '-^ \k — V 

2si+2s2H V2s2v=2k-2v 
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which completes the proof as the left hand side is just (13.91) . □ 

Given Theorem l3.6[ our ability to find formulas for Ci2k,2m rests on our ability to find the number 
of ways to pair 2v vertices where 2m vertices are crossing and 2v — 2m vertices are dividing. We 
are able to do this for small values of m, but for large m, the combinatorics becomes very involved. 

Definition 3.7 (P2k,2m,i, partitions). Let P2k.2m,i represent the number of pairings of 2k vertices 
with 2m crossing vertices in i partitions. We define a partition to be a set of crossing vertices 
separated from all other sets of crossing vertices by at least one dividing edge. 

It takes a minimum of 4 vertices to form a partition, so the maximum number of partitions 
possible is [2m/4j . Our method of counting involves writing 

[2m/4j 

Cr2A;,2m = P2A;,2m,i- (3.13) 



1=1 



Our first combinatorial result is the following. 
Lemma 3.8. We have 

= CT2m,2m{ , • (3.14) 

\k ~ m J 

Proof. The proof follows immediately from Theorem 13.61 If there is only one partition, then there 
can be no dividing edges. Therefore, we simply multiply the number of ways we can choose 2k— 2m 
non-crossing non-dividing pairs by the number of ways to then choose how the 2m crossing vertices 
are paired. □ 

Our next result is 
Lemma 3.9. We have 

^L_^_^j("^ + C^)f Cr2a,2aCr2m-2a,2m-2a J • (3.15) 

d=l ^ ^ \0<a<m / 



2fc,2m,2 



Proof. We let d be the number of dividing edges. In order to have two partitions, at least one of the 
k — m non-crossing edges must be a dividing edge. We thus sum over d from 1 to A; — m. Given 
d, we know that we can pair and place the non-crossing non-dividing edges in (^„^_ J ways from 
Theorem 13. 6[ We then choose a way to pair the 2m crossing vertices into 2 partitions, one with 2a 
vertices, the other with 2h vertices. If a = 6, there are m + d distinct spots where we may place the 
dividing edge. If a ^ b, there are 2m + 2d spots. Since each choice of a ^ b appears twice in the 
above sum, the result follows. □ 



Determining P2fc,2m,3 requires the analysis of several more cases, and we were unable to find a 
nice way to generalize the results of Lemmas |3 . 81 and \3M However, these two results do allow us 
to write down the following formulas. 
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Lemma 3.10. We have 



Cr 



2/c,6 



Ik 
k-2 
2k 
k-3 



2k \ f 2k 



k-i ^\k-A-d 

d=i 

- 288(/_\)H-8|:(^._f_^)(5 + <;). (3.16) 



Proof. We recall that 



Cr2A;,0 — Ck 

CT2k,2 = 0, (3.17) 



where the second equation follows from the fact that at least 4 vertices are needed for a crossing. 
From (IXTBl) and we find 

/ 2k \ 

Cr2fc,4 = P2A;,4,1 = Cr4^4 ( ^1. (3.18) 

We can calculate Cr4 4 by using (13.171) and the fact that 

k 

$^Cr2fc,2m, = {2k-l)U. (3.19) 

m=0 

This follows because the number of ways to match 2k objects in pairs of 2 with order not mattering 
is {2k — 1)!!, and thus the sum of all our matchings in pairs must equal this. Note that this number 
is also the moment of the standard normal; this is the reason the palindromic Toeplitz have a 
limiting spectral measure that is normal, as each contribution contributes fully. We thus find 

Cr4,4 = (2A;-l)!!-Cr4,2-Cr4,o = 3-2 = 1. (3.20) 

This completes the proof of the first formula: Cr2fc,4 = (^^^^2) • 

The other coefficients are calculated in a similar recursive fashion - essentially, once we have 
values for Cr2k,2i for / = 0, 1, 2, . . . , m — 1, we can find Ci2m,2m by using (13.191 ). which allows us 
to write the general formulas above for Cr2fc,2m- We show the calculations below. We have 



Cr6,6 = (6-l)!!-Cr6,4-Cr6,2-Cr6 



,0 



5!!-(^)-0-C3 = 15-6-0-5 = 4 (3.21) 



so Cr2fc,6 = ^{k'^^^ and thus 

Cr8,8 = (8 — 1)!! — Cr8,6 — Cig^ — Cr8,2 — Cr8,o 

= 7!!-4(^) - f^l -O-C4 = 105 - 32 - 28 - 14 = 31. (3.22) 
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To finish tlie calculation for Cr2fc,8 we need to compute: 

CT2a,2aCT8-2a,8-2a = Cra.aCrg.e + Cr4,4Cr4,4 + Cre.eCr = + 1 + = 1. (3.23) 

0<a<4 

sothatwegetCr^M = SI +Ett UL) + d). 
For the formula for Cr2fc,io, 

Crio,io = (10 — 1)!! — Crio.8 — Crio.e — Crio.4 — Crio.2 — Crio,o 

tG-°.)(-^))-G°)-C:)-o- 

= 945 - (310 + 5) - 4 (45) - 120 - - 42 = 288 (3.24) 

and finally 

Cr2a,2aCriO-2a,10-2a = Cr2,2Cr8^8 + Cr4^4Cr6,6 + Cr6,6Cr4^4 + Cr8,8Cr2,2 




0<a<5 

= + 4 + 4 + = 8. (3.25) 
so Cr2M0 = 288(,^i) + 8 Eti L-U i^ + d). 

□ 

Notice that by using the formulas in Lemma [3. 101 to calculate the number of terms with each of 
the possible contributions given in Theorem 13. 3[ we are able to calculate up to the 12* moment 
exactly (where for the 12"^ moment we use the same recursive procedure as in the proof of Lemma 
I3.10l to calculate Cri2,i2)- 

Remark 3.11. The coefficients in front of the binomial coefficient of the leading term ofCi2k,2m is 
sequence A081054from the OEIS (El. 



4. LIMITING Behavior of the Moments 

As we are unable to find exact expressions for the number of pairings with exactly 2m crossing 
vertices for all m, we determine the expected value and variance of the number of vertices in a 
crossing. Such expressions, and the limiting behavior of these expressions, are useful for obtaining 
bounds for the moments. To find these, we make frequent use of arguments about the probabilities 
of certain pairings, recognizing that since all configurations are equally likely, the probability that 
a vertex i pairs with a vertex j is just 

Theorem 4.1. The expected number of vertices involved in a crossing is 

2, r2,_2_2MV2^_p,_^)^^_,^_^/,^,._3/,^_^A 



2k -1 \ 2k -3 

which is 



2k-2-l + oil^] (4.2) 



k \k 



as k ^ CO. 
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Proof. In our main applications (such as computing the asymptotic behavior of the mean and the 
variance), we only need the asymptotic expression (14.21 ). which we prove elementarily below. We 
give the proof of (14.11) in Appendix 14. 11 which involves converting the expansions below to differ- 
ences of hypergeometric series. 

For a given pairing of 2k vertices, let = 1 if vertex i is involved in a crossing and otherwise. 
Then = X]^=i ^« '^he number of vertices involved in a crossing in this pairing. By linearity 
of expectation, 

E(F2fc) = ^{^^X^ = 2A;E(X,) = 2A;pcross, (4.3) 

where Pcross is the probability that a given vertex is in a crossing as, by symmetry, this is the same 
for all vertices. Thus, without loss of generality, we may think of Pcross as the probability that vertex 
1 is in a crossing. We notice that 

(1) If vertex 1 is matched with another odd indexed vertex, which happens with probability 
^3^, then it must be involved in a crossing, since there are an odd number of vertices 
in the two regions created by the matching, meaning that the regions cannot only pair by 
themselves. 

(2) If vertex 1 is matched with an even indexed vertex, then it is involved in a crossing if and 
only if it does not partition the remaining vertices into two parts that pair exclusively with 
themselves. Suppose it is matched with vertex 2m (which happens with probability 2^31)- 
Then its edge divides the vertices into a region of 2m — 2 and a region of 2k — 2m vertices. 
As the number of ways to match 2^ objects in pairs with order immaterial is (2£ — 1)!! = 
(2£ — 1) {2i. — 3) ■ ■ ■ 3-1, the probability that each region pairs only with itself is 

(2m - 3)!! {2k - 2m - 1)!! 



{2k-?,)\\ 

Thus, the probability that vertex 1 is involved in a crossing is 

fc-i 



(4.4) 



Pc 



I ^ I f (2m-3)!!(2A;-2m- 1)!! 

^^2^^w^i\ {2k -m 

2A;-3 1 ^ (2m-3)!!(2A;-2m-l)!! 



2k _ 

=2 



;- 1 ^ 



2A;-1 2k-l^^ (2A;-3)!! 
2k-?, 1 ^ (2m-3)!(2A;-2m)!(2A:-4)!! 



;- 1 ^ 



2k -I 2k-l^^ (2m - 4)!! {2k - 2m)!! {2k - 3)! 

-1 

2k -I 2A; -T ^ 2™-2 (m - 2)!2'=-'" {k - m)\ {2k - 3)! 



2k -3 1 ^ (2m-3)!(2A:-2m)!2'=-2(A;-2)! 



m=2 

2^-3 1 ^ O 



(4.5) 



Therefore 



2k -1 2A;- 1 ^ (2fc-3N- 
E (y,.) = 2A:p_s = {2k) ^ - {2k) ^ (4.6) 
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In the above sum, the first and last temis are both 2^33' for = 2 we have 

(2^3) 2k -3' 

and for m = /c — 1 we have 

GiD _ (V) _ Hk-2) _ 1 



S:') (V) {'2k -3) {2k -4) 2k- 
Looking at the ratio of subsequent terms, straightforward algebra shows 

(m-l)/(2m-l) 2m -1 



[m-2 



2k~2m 



(4.7) 



(4.8) 



(4.9) 



Thus for m up to the halfway point, each term in the sum is less than the previous. In particular, 
the m = 3 term is 5 /{2k — 7) times the m = 2 term, and hence all of these terms are 0{l/k'^). 
Similarly, working from m = A; — 2 to the middle we find all of these terms are also 0{l/k'^), and 
thus the sum in (|4.6I) can be rewritten, giving 

E(F2fc) = {2k)'^^^-{2k)-^(-^ + o(^ 
^ ^2k-l ^ ^2k-l\2k-3 \k^ 

= 2k-2-y + o(^]. (4.10) 



k \k\ 

□ 

Theorem 4.2. The variance of the number of vertices involved in a crossing approaches 4 as k ^ 
00. 

Proof. We need to calculate Var {Y2k) = E (Fgi) ^ ^ As we know the second term by 

Theorem 14. 11 we concentrate on the first term: 

^(^21) = E (4-11) 

MG{l,...,2fc} 

The above sum has Ak"^ terms. 

For 2k of those terms, i = j so E (XiXj) = E {Xf) = E (Xj) = Pcross as the XiS are binary 
indicator variables with probability of success Pcross- For another 2k terms, we have i and j are 
paired on the same edge, so E (XjXj) = E (Xj) = Pcmss as before. 

For the remaining Ak"^ — Ak terms, i and j are on different edges, and we must find the probability 
that both those edges are in crossings. We separate this probability into two disjoint probabilities, 
the probability pa that they cross each other, and the probability that they don't cross each other but 
are each crossed by at least one other pairing. We denote this second probability by (1 — Pa)pb, 
where pb is the conditional probability they are each crossing given that they don't cross each 
other. We will find these probabilities by taking sums over the placements of k, m,p, q above as 
appropriate and calculating for each the probability of observing one of our desired configurations. 
We have shown 

E {Yi,) = Akp,,,,, + {aP - Ak) {pa + (1 - Pa) Pb) , (4.12) 
thus reducing the problem to the determination of Pa and pb- 
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Without loss of generality, we label our edges as {1, m} and {p, q}. They cross each other if 
and only if one of {p, q} is one of the m — 2 vertices between 1 and m, and the other is one of the 
2k — m vertices between m and 2k. Thus 



2k ^ 



m — 2 2k — m 



m=2 



{2k - 1) {2k - 2) {2k - 3) 



2k -2 2k -3 

^ -4A; - ^ + {2k + 2) ^ 



m 

m=2 m=2 m=2 



(4.13) 



By using the formulas for the sum of the first n integers and the first n squares, we simplify the 
second factor to 

f 2k {2k + I) {Ak + I) \ ,/2A;(2A; + l) \ 

{2k - 1) (-4A;) - ^ - 1 + (2A; + 2) ^ ^ ' - 1 , (4.14) 



6 



which gives 



2 (2fc - 1) (2fc - 2) (2fc - 3) _ 1 

(2A; - 1) (2A; - 2) (2A; - 3) 6 3' ^ ' 

We now calculate pb, the probability that {1, m} and {p, q} are both involved in crossings given 
they don't cross each other. We must place {1, m} , {p, q]. Relabeling if necessary, we may assume 
1 < m < p < q (Note that such a labelling is possible if and only if {l,m} and {p,q] do not 
cross each other. We compute the complement of our desired probability by finding the number of 
configurations where one or less of {1, m} and {p, q] is in a crossing. We denote the number of 
such configurations by Nk^rn,p,q and can thus write 

- 1 - E E E (4.16) 

m=2 p=m+l g=p+l ^ ' 

Since there are i^^^^) terms in the above sum (corresponding to the (^'^3^^) possible choices of 
m,p, q since we have specified the location of vertex 1 and the order of m,p, g), we can rewrite 
(14.161) as 

E2k-2 v^2fc-l sr^2k j.j 

P& = J- 7^57— n • (4.17) 

^ (''3^^) (2A;-5)!! 

All that remains to be done is to evaluate the sum in the above expression. To do so, we first 
define the following function P {k), which counts the number of ways k vertices can be paired with 
each other: 

if is odd 

P{x) = {I if A; = (4.18) 

{k — 1)!! otherwise. 

Next we think of these two edges as dividing the remaining vertices into three regions: those 
between {l,m} and {p, g}, of which there areM = p — m — l + 2k — q, those on the side 
of {l,m}, of which there are L = m — 2, and those on the side of {p,q}, of which there are 
R = q — p — 1. We know that {1, m} will not be crossed if the L vertices between 1 and m pair 
exclusively with each other. Likewise, {p, q} will not be crossed if the vertices between p and q pair 
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exclusively with each other. Our desired quantity is thus the union of these two events less their 
intersection: 

P{L + M) P{R) + P{R + M)P (L) -P{L)P (M) P (R) . (4.19) 

Notice that if L or i? is 0, one of {1, m} , {p, q} is an adjacent edge, and so will not be crossing. 
Thus 



Ni. 



{2k-b)\\ ifLor/2isO 
P{L + M)P{R) + P{R + M)P (L) ~P{L)P (M) P {R) otherwise. 

(4.20) 

We now investigate the limiting behavior of pi, (given in (14.161 )) by using the cases in (14.201 ). 

• For the first case, we have L or i? is zero, and thus Nk^m,p,q = (2 A; — 5)!!. We are reduced to 
counting the number of terms with L or R zero. Note that L = when m = 2, and R = 
when q = p + 1. Each of these events happens in (^''2^^) pairings (we have fixed either 
m or q, and the other 2 vertices are chosen from the remaining 2k — 2 vertices), and their 
intersection is {^''i^) (p is the only free index) pairings. In the limit, this case contributes 

(2m-m)(2^-5)!! _ 3 ^^^^^ 



(2^3-') (2 A; -5)!! k \k^ 

For the second case, L and R are non-zero. We first evaluate the contribution of the first 
two terms (notice that they will contribute the same in the sum since you can simply relabel 
{1, m} and {p, q}) and then the third term, recalling that we only have to look for terms that 
are at least O (p-) since we can see in (14.121) that any other terms will not contribute in the 
limit as A; — )■ 00. 

- For P (L + M) P (R), the largest terms are from when either L + M = 2, or when 
i? = 2. In these cases, Nk,m,p,q = (2A; — 7)!!. If i? = 2 then q = p + 3 and m,p are 
free so there are (^^2^"^) such terms corresponding to the {^'^2'^) choices of m and p. If 
L + M = 2 and L ^ then there are only two possible terms: either L = 1, M = 
1, R = 2k — 6 or L = 2, M = 0, R = 2k — 6. Including the symmetric terms for 
P {R + M) P (L), these terms thus have a combined contribution of 

f \-') (2* - 5)!! 2P^"V*V' 

- For the third term, -P (L) P (M) P (R), the largest contributions will be when two 
regions combine for exactly 2 vertices which will give a contribution of (2k — 7)!!. 
If we disregard the requirement that L and R are nonzero in order to obtain an upper 
bound on the magnitude of this contribution, there are 3 possible terms. The next largest 
contribution will be when two regions combine for exactly 4 vertices which will give 
a contribution of {2k — 9)!!. Proceeding with these diagonal terms, we know that the 
third term will thus contribute at most in magnitude: 

(2A;-7)!! (2A;-9)!! (2A;-11)!! ^/l 



i2k - 5)\\ {2k - 5)\\ i2k-5)\\ \k^ 

(4.23) 

so they in fact do not contribute in the limit. 
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Figure 3 . Numerical confirmation of formulas for the expected value and variance 
of vertices involved in crossing. The first plot is the expected value for 2k vertices 
(solid line is theory) versus k, the second plot is a plot of the deviations from theory, 
and the third plot is the observed variance; all plots are from 100,000 randomly 
chosen matchings of 2/c vertices in pairs. 



Thus, we have that as — )■ oo. 



k 2k^ \k^ 
Therefore if we substitute for pa and pb in (14.121) we find 



PS = l-T-T^^^ + ofAl- (4.24) 



E(yi) . 4.-4^(«^-«)(14(l-i-A)) (4.25) 



Ak"^ -8k + iy] . (4.26) 



Using (14.101) . we also have that 



2 „ / 1 ^ ^ ^ 



E{Y2kf = (2k-2-- + Oi^—jj = -8k-A + 0\^-j . (4.27) 

The variance as ^ oo is thus E (Fal) - E {Y2k f = {Ak'^ - 8k) - {Ak'^ - 8k - A) = A. □ 

Figure [3] provides a numerical verification of the above formulas for the expected values and 
variances. 



5. Limiting Spectral Measure 

We now complete the proof of Theorem 1 1.1 1 by showing convergence and determining the sup- 
port. 

Proof of Theorem \L1\ The proof of the claimed convergence is standard, and follows immediately 
from similar arguments in HHMl IMMSl IJMP[ IKKMSXI . Those arguments rely only on degree of 
freedom counting arguments, and are thus applicable here as well. We are left with determining the 
limiting spectral measures. 

• p = 1/2: If j9 = 1/2, we know from (13.31) that only those configurations with no crossings 
contribute. The claim follows directly from recalling that the number of non-crossing con- 
figurations are simply the Catalan numbers, which are also the moments of the semicircle 
distribution. 
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• p > 1/2: To show that the limiting spectral measure has unbounded support it suffices to 
show that the moments of our distribution grow faster than any exponential bound, i.e., that 
for all B there exists some k such that > B"^^. The moments of the unweighted ensem- 
ble grow faster than exponentially (see HHMilKKMSXIl ). We prove that our distribution sim- 
ilarly has unbounded support using this fact and by considering the "worst-case" scenario 
allowed for under [331 Namely, we suppose that each term contributes {2p — 1)^^, which 
gives us the smallest moment possible. In this case, is decreased from the unweighted 
case by a factor of (2p — 1)^*^, and thus the growth is still faster than any exponential bound. 

□ 

Appendix A. Exact formula for mean number of crossings 

To prove (14.11) . it suffices to simplify the sum in the expansion of Pcross in (14.51) . We first extend 
the m sum to include m = k; this adds 1 to the sum which must then be subtracted from the term 
outside. For notational convenience, set n = k — 2. We re-index and let m run from to n, and are 
thus reduced to analyzing 

m=0 \2m+l) 

The following notation and properties are standard (see for example HGRII ). The Pochhammer 
symbol {x)m is defined for m > by 

(x)™ = ^— — ^ = x(x + l)---(x + m-l), (A.2) 
T{x) 

and the hypergeometric function 2-^1 by 

2Fiia,b,c;z) = -y, (A.3) 

m=0 

which converges for all |2;| < 1 so long as c is not a negative integer. 

For ease of exposition, we work backwards from the answero Using r(l + z) = zV{z) and 
T{l + l)=l\ (for integral £), we find 

,(3/2)„(-ir 



2Fi(l, 3/2,1/2-^,-1) = 



(1/2 -n)^ m\ 

m=0 ^ ' 



r(l + m)r(3/2 + m) 1(1/2 - n) (-1)' 



r(l) r(3/2) r(l/2 -n-fm) m! 

=: Ti(n)+T2(n), (A.4) 

where Ti [n] is the sum over m < n and T2(n) is the sum over m > n. From the functional equation 
of the Gamma function and using i\\ = i(i — 2)(£ — 4) ■ ■ ■ down to 2 or 1, we find 

r(3/2 + m) = 2'"(2m + l)!!r(3/2) 
r(l/2-n + m) = (-l)™2™(2n- l)(2n-3)---(2n-2m + l)r(l/2-n). (A.5) 



Mathematica is able to evaluate such sums and suggest the correct hypergeometric combinations. One has to be a 
little careful, though, as Mathematica incorrectly evaluated S{n), incorrectly stating that there was zero contribution 
if we extend the sum to all m. In other words, it thought S{n) = Ti{n) ~ Ti{n) + T2{n) in the notation introduced 
below. 
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Substituting, we find 

(2m + l)!!(2n-2m-l)!! 



Ti{n) = Yl 



m=0 

n 



{2n-l)\\ 
(2m + l)\{2n -2m- 1)! 2n{2n - 2)!! 



^ (2n-l)!2n (2m)!! ^ ' 



m=0 



(2m + l)!(2n-2m)! 2"n! 
^ (2ra + 1)! ^'^^ ' {2n- 2m)2'^-im!(n - m - 1)! 



m=0 



771=0 \2m+l) 



note this is our desired sum. Thus 

^ C) _ 2^1(1,3/2, 1/2 -n,-l)-T2(n) 

/ 277+1 N 2n + l ' ^ ' 

and the proof is completed by analyzing T2{n). To determine this term's contribution, we re-index. 
Writing m = n + 1 + m, we find 

^ _ r(l + n + 1 + n)r(3/2 + n + 1 + n) r(l/2 - n) (_i)"+i+« u\ 

~ ^ r(l) r(3/2) r(l/2 - n + + 1 + n) (n + 1 + u)! d 

^ r(l + u) r(5/2 + n + m) r(l/2 - n) (-l)"+^(-l)" 

^ r(i) r(3/2) r(3/2 + M) d 

-l)"+ir(l/2-n)r(5/2 + n) ^r(l + M)r(5/2 + n + M) r(3/2) (-1)" 



u=0 



r(3/2)2 ^ r(i) r(5/2 + n) r(3/2 + «) d 

= -(2n + 3)(2n + 1)2^1(1, 1/2 + A:, 3/2,-1), (A.8) 

where we used r(l — 2;)r(z) = vr/ sin(7rz) withz = n+^ to simplify the Gamma factors depending 
only on n. Combining the above proves (14.11) . 
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